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In 1998 –1999, a comprehensive low-frequency long-range sound propagation experiment was
carried out by the North Pacific Acoustic Laboratory 共NPAL兲. In this paper, the data recorded during
the experiment by a billboard acoustic array were used to compute the horizontal refraction of the
arriving acoustic signals using both ray- and mode-based approaches. The results obtained by these
two approaches are consistent. The acoustic signals exhibited weak 共if any兲 regular horizontal
refraction throughut most of the experiment. However, it increased up to 0.4 deg 共the sound rays
were bent towards the south兲 at the beginning and the end of the experiment. These increases
occurred during midspring to midsummer time and seemed to reflect seasonal trends in the
horizontal gradients of the sound speed. The measured standard deviation of the horizontal
refraction angles was about 0.37 deg, which is close to an estimate of this standard deviation
calculated using 3D modal theory of low-frequency sound propagation through internal gravity
waves. © 2005 Acoustical Society of America. 关DOI: 10.1121/1.1854435兴
PACS numbers: 43.30.Es, 43.30.Qd, 43.30.Re 关AIT兴

I. INTRODUCTION

Sound waves propagating over long ranges in the ocean
exhibit horizontal refraction in the presence of horizontal
gradients of the sound-speed transversal to the direction of
propagation. Relatively long-period 共weeks-to-months兲
variations of the horizontal refraction angle 共HRA兲 can be
caused by mesoscale eddies. Variations on even longer time
scales can be due to seasonal trends in the sound-speed gradients. Short-period variations are caused by sound scattering by internal waves.
Thus, the dependence of the HRA on time contains important information about ocean inhomogeneities. If longperiod variations of HRA could be measured, this would give
an opportunity for acoustic monitoring of large-scale inhomogeneities in the ocean.1–3 Measurements of the statistical
characteristics of short-period variations may be used for remote sensing of internal waves.
So far, the horizontal refraction of sound waves propagating over long ranges in the ocean has been studied mainly
theoretically.4 –9 For example, in Ref. 4, the HRA of a sound
wave passing through a mesoscale eddy was estimated as 1
deg, and in Ref. 5, the HRA due to a model ocean eddy was
calculated as 0.5 deg. These are small values of the HRA so
a special instrumentation is required to measure them. The
HRA and horizontal coherence of a sound wave propagating
in shallow water were studied numerically elsewhere.10
a兲
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In this paper, the dependence of the HRA on time is
studied by processing the data recorded by a billboard acoustic array of the North Pacific Acoustic Laboratory 共NPAL兲.
The experiment was carried out in 1998 –1999 and is briefly
described in Sec. II. Two approaches for signal processing
were used. The first approach, which is presented in Sec. III,
is based on the assumption that a sound field impinging on
the array is a superposition of plane waves arriving from a
particular horizontal direction. This approach is called the
ray-based approach. The second approach employs a modal
representation of the sound field 共Sec. V兲. Using both approaches, we obtained the dependence of the HRA on time
and studied its short-period and long-period variations. The
results obtained are summarized in the Conclusions.
Preliminary results of signal processing the NPAL data
using these two approaches have been reported
elsewhere.11,12

II. OUTLINE OF THE EXPERIMENT

In 1998, a billboard acoustic array of NPAL was installed near the coast of California at 36°17.1⬘N,
122°28.78⬘W. For about a year, the array recorded broadband
acoustic signals transmitted by a source located near Kauai,
Hawaii at a depth of 807 m with coordinates 22°20.94⬘N,
159°34.18⬘W. The distance between the source and the array
was R⫽3.9⫻103 km. The transmitted signal consisted of a
75-Hz carrier which was phase modulated according to a
pseudorandom 1023-digit maximal-length M sequence. The
bandwidth of the signal was about 30 Hz. The duration of
one sequence was 27.28 s. The sequence was successively
transmitted 40 times so that the total duration of one session
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FIG. 1. 共a兲 View of the NPAL billboard array in the horizontal plane. The dashed line corresponds to the direction of arrival in the absence of horizontal
refraction, and the solid line corresponds to the direction of actual arrival. The angle between these directions is the HRA ␣. 共b兲 View of the NPAL billboard
array in the vertical plane. 共c兲 Summer sound-speed profile at the array location.

was 1091.2 s. These sessions were repeated according to a
schedule with intervals varying from 4 h to 4 days.
The billboard array consisted of five vertical line arrays
共VLAs兲 which were positioned along the line approximately
perpendicular to the acoustic propagation path as shown in
Fig. 1共a兲. In the figure, the x axis is directed east, and the y
axis is directed north. The horizontal distances between consecutive VLAs 共starting from the most northern VLA1兲 were
approximately 0.5, 1.2, 0.7, and 1.1 km. The angle ␣ 0
⫽13.02 deg indicates a nominal direction of sound propagation in a homogeneous ocean along the unrefracted geodesic.
The HRA ␣ indicates a deviation of sound propagation from
this direction due to horizontal refraction. Positive values of
␣ correspond to bending of acoustic rays towards south.
The first four VLAs consisted of 20 hydrophones separated vertically by approximately 35 m; see Fig. 1共b兲. The
overall length of each array was close to 665 m. Hydrophones of the first four VLAs were located at approximately
the same depth z n , where the index n⫽1,2,...,20. The fifth

共southernmost兲 VLA5 was twice the size of the other arrays
and consisted of 40 hydrophones. The ocean depth at the
location of the billboard array was 1800 m. The motion of
the arrays was monitored by a set of high-frequency transponders which ensured the measurement of hydrophone positions with sufficiently high accuracy. A special timekeeping system allowed one to obtain coherent record of the
acoustic signals at different VLAs. The summer sound-speed
profile c(z) near the array is shown in Fig. 1共c兲. A detailed
description of the transmitted signal and the billboard acoustic array can be found in Refs. 13, 14.
Along with digital records of raw acoustic signals, preprocessed data were also available for further analysis. The
preprocessing was accomplished for each hydrophone independently and included complex demodulation and removal
of M sequence. This removal was done by division of the
signal spectrum by a spectrum of M sequence that made a
transmitted signal effectively a ␦ function within a given
frequency band. 共Such preprocessed data are used in Sec.

FIG. 2. Amplitude of the sound signal 共in arbitrary
units兲 as a function of time at the hydrophone of VLA3
with the index n⫽3 for t⫽277.1206 day of the experiment.
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III C.兲 Then, 40 successive transmissions were coherently averaged. Such coherently averaged signals were used in rayand modal-based processing 共Secs. III A and B, and Sec. V兲.
An example of the coherently averaged signal recorded
by the hydrophone of VLA3 with the index n⫽3 for t
⫽277.1206 day of the experiment is shown in Fig. 2. 共Note
that t⫽277 day of the experiment corresponds to 2 October
1998兲. The duration of the record is 27.28 s. The signal starts
at about 1 s from the beginning of the record and ends at
about 7– 8 s, with the rest of the record being dominated by
noise. The ratio of the signal intensity at its maximum to the
noise level is about 18 dB.

III. RAY-BASED PROCESSING
A. Approach

The ray-based processing employed cross correlation of
signals recorded by hydrophones located at approximately
the same depth and belonging to different VLAs. This approach is the most direct, and it seems to be robust and does
not include any implicit or explicit assumptions which are
used in more sophisticated processing approaches 共e.g., in
the mode-based approach considered in Sec. V兲.
Before performing the cross correlation, a frequency filter with a bandwidth of 30 Hz was applied to the signals and
they were resampled at a higher rate. 共Resampling allowed
us to more accurately determine position of a maximum of
the cross-correlation function of two signals.兲 Furthermore,
the coherently averaged signals were truncated to the first
11.67 s since the rest of the signals 共with a total duration of
27.28 s兲 consisted of noise. This ensured a better accuracy in
measuring the HRA ␣. 共Note that we also tried to truncate
the coherently averaged signals to first arrivals or finale only.
Such truncations resulted in almost the same values of the
HRA as in the 11.67-s truncation but larger variances of the
HRA, and, therefore, were not used in the ray-based approach.兲
Figure 3共a兲 shows a cross-correlation function of signals
recorded by the hydrophones with the index n⫽20 belonging
to VLA3 and VLA4 for t⫽277.1206 day. The correlation
between the signals is high and, hence, HRA can be reliably
determined. On the other hand, Fig. 3共b兲 shows a poor correlation between signals recorded by the hydrophones with
the index n⫽20 belonging to VLA2 and VLA4 at the same
time of the experiment; the HRA cannot be determined.
关Note the difference in the vertical scales in Figs. 3共a兲 and
共b兲.兴 Figures 3共a兲 and 共b兲 are typical examples of high and
poor cross correlation between signals recorded by various
pairs of hydrophones.
For a given transmission, we considered different pairs
of VLAs 共e.g., VLA3 and VLA4兲. We cross correlated the
signals recorded by the hydrophones of two VLAs located at
the same level n. The locations of the maxima of the crosscorrelation functions allowed us to obtain the time differences ⌬t n of signal arrival at 20 pairs of hydrophones. Assuming that plane waves were impinging on the billboard
array from a particular horizontal direction, HRAs ␣ n were
expressed in terms of the time differences ⌬t n
J. Acoust. Soc. Am., Vol. 117, No. 3, Pt. 2, March 2005

FIG. 3. Cross-correlation function of the acoustic signals recorded by two
hydrophones with the index n⫽20 and belonging to 共a兲 VLA3 and VLA4;
共b兲 VLA2 and VLA4. The figure corresponds to t⫽277.1206 day.
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Here, L n ⫽ 冑(x n ⫺x n⬘ ) 2 ⫹(y n ⫺y n⬘ ) 2 is the horizontal distance
between the hydrophones of two VLAs; (x n ,y n ) and
(x n⬘ ,y n⬘ ) are the horizontal coordinates of these hydrophones;
c n ⫽c(z n ) is the sound speed; and  is a time correction to
internal clocks of two VLAs. Accurate positions of all hydrophones and times corrections were given in the NPAL
database.
When calculating ␣ n , we assumed that the hydrophones
of two VLAs were located at the same depth. This assumption is valid since, in most cases, the difference z n ⫺z n⬘ in the
vertical coordinates of two hydrophones was only a few
meters. If this difference were taken into account in Eq. 共1兲,
it would result in the change of ␣ n which is much smaller
than the standard deviation  of the HRA, considered below.
Also note that uncertainties in clock correction d  and horizontal coordinates of the hydrophones, dx and dy, resulted
in errors d ␣  , d ␣ x , and d ␣ y in determining the HRA ␣ n .
The value of d  varied during the experiment; its average
value was about 1.3 ms for VLA3 and VLA4. The value of
Voronovich et al.: Horizontal refraction of acoustic signals
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FIG. 4. Horizontal refraction angle ␣ n versus hydrophone number n for t
⫽277.1206 day. 共a兲 Data obtained with the use of VLA3 and VLA4. 共b兲
Data obtained with the use of VLA2 and VLA4.

dx was about 0.6 m. Since the billboard array was nearly
perpendicular to the propagation path, the error d ␣ y can be
ignored while the errors d ␣  and d ␣ x can be estimated as
follows: d ␣  ⬃d  c/L and d ␣ x ⬃dx/L. For L⫽700 m 共the
distance between VLA3 and VLA4兲, we have d ␣ 
⬃0.16 deg and d ␣ x ⬃0.05 deg.
Figure 4共a兲 shows the dependence of ␣ n on n for t
⫽277.1206 day computed for VLA3 and VLA4. All values
of ␣ n are close to each other and range from ⫺0.2 to 0.35
deg. This indicates high coherence between acoustic signals
recorded by VLA3 and VLA4. The mean value of the HRA
␣ and its standard deviation  were computed using the values of ␣ n satisfying the following constraint:
兩 ␣ n兩 ⭐ 兩 ⌬ ␣ 兩 ,

共2兲

where ⌬␣⫽2 deg. This constraint was used to eliminate unrealistically large values of ␣ n which occurred due to the
occasional poor correlation of signals recorded by some pairs
of hydrophones. The value ⌬␣⫽2 deg is chosen such that it
exceeds significantly the resulting standard deviation . For
the data shown in Fig. 4共a兲, ␣⫽0.02 deg, ⫽0.13 deg, and
N⫽20, where N is the number of hydrophone pairs satisfying the constraint Eq. 共2兲. Note that ␣ and  calculated in
1530
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such a way correspond to the averaged values of the refraction angle and its variance over the depth and 40 successive
sequences 共i.e., over 1091.2 s兲. Also note that in Fig. 4共a兲 and
similar figures for other days of the experiments, we did not
see any systematic dependence of ␣ n on n.
The HRAs ␣ n were similarly computed for other pairs
of VLAs, e.g., VLA1 and VLA2, VLA1 and VLA3, etc. For
VLA5 we used only 20 hydrophones located at depths close
to those for hydrophones of VLA1 through VLA4. For adjacent pairs of VLAs 共i.e., for VLA1 and VLA2, VLA2 and
VLA3, VLA3 and VLA4, VLA4 and VLA5兲 the dependence
of ␣ n on n was usually 共but not always兲 similar to that shown
in Fig. 4共a兲.
On the other hand, for nonadjacent pairs of VLAs 共e.g.,
VLA1 and VLA3, VLA1 and VLA4兲, the dependence of ␣ n
of n almost always had a different character. For example,
Fig. 4共b兲 shows the dependence of ␣ n of n obtained with the
use of VLA2 and VLA4 for the same day t⫽277.1206 as
that for Fig. 4共a兲. One can see that the values of ␣ n randomly
vary in a much broader interval from ⫺60 to 30 deg. 关Note
that the scale of vertical axes in Figs. 4共a兲 and 共b兲 differs by
nearly 2 orders of magnitudes. Therefore, if the data from
Fig. 4共a兲 were plotted in Fig. 4共b兲, they would lie nearly
perfectly along a horizontal line.兴 At levels n⫽7 and n
⫽12 the cross-correlation technique failed to produce physically meaningful real values of ␣ n . Furthermore, it follows
from Fig. 4共b兲 that the number N of hydrophones satisfying
the condition Eq. 共2兲 is only N⫽2. Apparently, this is not
enough to estimate a mean refraction angle ␣.
For a given transmission, values of ␣, , and N were
calculated for all available pairs of VLAs. The cases corresponding to N⭐14 and ⭓0.6 deg were considered as failures and were discarded. Finally, the pair of VLAs with a
minimal value of  was chosen. 共In most cases, these were
VLA3 and VLA4.兲 This value of  was considered as the
standard deviation  (t) of the HRA for transmission time t,
and the corresponding HRA ␣ was considered as ␣ (t). For
example, for t⫽277.1206 day, the minimal value of  was
for VLA3 and VLA4; therefore, ␣共277.1206兲⫽0.02 deg and
共277.1206兲⫽0.13 deg.
Using the NPAL data, we also calculated the crosscorrelation coefficient between signals at the hydrophones of
two VLAs with the same index n. The obtained crosscorrelation coefficients were then averaged over n 共i.e., over
depth兲. Figures 5共a兲 and 共b兲 show the dependence of the
averaged cross-correlation coefficients on the distance between VLAs. Figure 5共a兲 corresponds to t⫽257.2873 day,
while Fig. 5共b兲 corresponds to t⫽285.2873 day. The figures
are typical for other days of the experiment. The dashed lines
in Figs. 5共a兲 and 共b兲 are theoretical curves exp(⫺l2/r2c ) which
were used to fit experimental data. Here, l is the distance
between the VLAs and r c is the horizontal coherence radius.
The value of r c was an adjustable parameter for the best fit
of the theoretical curves to the experimental data. The intersection of the dashed lines with the horizontal dotted lines
gives the value of the coherence radius r c . It follows from
Figs. 5共a兲 and 共b兲 that r c varies in the range of 500–1000 m.
Note that r c was considerably less than the distance between
nonadjacent pairs of VLAs. This explains why the nonadjaVoronovich et al.: Horizontal refraction of acoustic signals

FIG. 5. Cross-correlation coefficient of acoustic signals recorded by different VLAs versus the distance between VLAs. 共a兲 t⫽257.2873 day; 共b兲 t
⫽285.2873 day.

cent pairs could not usually be used to measure the HRA,
e.g., see Fig. 4共b兲.

B. The time dependence of the HRA

The algorithm described in the previous subsection allowed us to obtain the dependence of the HRA ␣ on time for
the period of the NPAL experiment from t⫽197 to t
⫽546 day. This dependence is shown in Fig. 6共a兲, where
crosses correspond to computed values of ␣. In the figure,
each HRA ␣ was computed together with its standard deviation , which varied in the range from 0.13 to 0.6 deg. The
mean value of all standard deviations of ␣ shown in Fig. 6共a兲
is ¯ ⫽0.37 deg. Note that 67% of the data in Fig. 6共a兲 was
obtained by processing signals of VLA3 and VLA4, and
23% was obtained with the use of VLA1 and VLA2. The
horizontal distances between these pairs 共700 and 500 m,
respectively兲 were of the order of the coherence radius r c .
The distances between other adjacent pairs of VLAs were
greater than 1 km.
It is seen from Fig. 6共a兲 that short-term 共hours to days兲
variations of the HRA ␣ are of the order 0.3–0.5 deg. These
J. Acoust. Soc. Am., Vol. 117, No. 3, Pt. 2, March 2005

FIG. 6. Dependence of the horizontal refraction angle ␣ on time calculated
by: 共a兲 the ray-based approach, 共b兲 the mode-based approach. The solid lines
are the least-square data fit to a polynomial of the order 10.

variations are probably due to sound scattering by internal
gravity waves 共see Sec. IV below兲.
Long-period 共weeks to months兲 variations of the HRA ␣
are not seen in Fig. 6共a兲. If they do exist, they are masked by
short-term variations.
The values of the HRA ␣ averaged over 1 day are shown
in Fig. 7. These data show less variance than those in Fig.
6共a兲. The solid lines in Figs. 6共a兲 and 7 are the least-square
data fit by a polynomial of the order 10. These solid lines are
close to each other and we interpret them as seasonal variations of ␣. In the midspring to midsummer of 1998 and 1999
共197–210 and 470–545 days兲, the value of ␣ is positive and
reaches 0.4 deg. Note that this value is close to the value of
¯ ⫽0.37 deg. However, it seems that a systematic increase of
the HRA ␣ in Figs. 6共a兲 and 7 does exist. Also note that, for
197–210 and 470–545 days and VLA3, the averaged uncertainties d  were 0.30 and 0.62 ms, respectively, and they
were less than the averaged uncertainty d  ⫽1.3 ms during
the whole period of the experiment. 共For VLA4, these uncertainties were of the same order of magnitude.兲 The errors
d ␣  corresponding to these uncertainties are given by 0.04
Voronovich et al.: Horizontal refraction of acoustic signals
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FIG. 7. Same as in Fig. 6共a兲 but for the horizontal refraction angles ␣ averaged over 1 day.

and 0.08 deg. These errors are small enough to have a significant effect on a systematic increase of the HRA in 197–
210 and 470–545 days.
The average horizontal gradient of the sound speed
across the sound propagation path can be estimated as1
1 dc 2 ␣
⫽
,
c dy
R

C. Signals from passing ships

共3兲

where R is the path length. A maximum deviation from zero
of the solid line in Figs. 6共a兲 and 7 is about 0.4 deg. Substituting the value ␣⫽0.4 deg into Eq. 共3兲, we estimate the
horizontal sound-speed gradient as
1 dc
⬃3.6⫻10⫺6 km⫺1 .
c dy

situ measurements. Unfortunately, according to Ref. 16, no
measurements close to the sound propagation path were done
during the NPAL experiment.

共4兲

This gradient is of the order of a typical horizontal gradient
of large-scale variations of sound-speed fields in the ocean.15
We also tried to compare the value of this gradient with in

The ray-based approach described above was also employed for signal processing of NPAL data that were not
coherently averaged over 40 identical transmissions. Nonaveraged signals had smaller signal-to-noise ratio than the averaged ones. As a result, in most cases the dependence of ␣ n
on n had a random character similar to that shown in Fig.
4共b兲 so that the HRA could not be determined. Occasionally,
however, the processing revealed sufficiently strong, stable
signals that were coming from directions significantly different from the nominal direction towards the source. We interpreted such signals as being due to passing ships. Figure 8
shows the angular position of a ship as a function of time for

FIG. 8. Dependence of the angular position of a ship on
time obtained for t⫽500.7873 day.
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t⫽500.7873 day, obtained with the use of VLA1 and VLA4.
According to Fig. 8, the angular speed of a ship is equal to
0.245 deg/min. If the ship were 50 nm from the NPAL array,
its transverse speed would be 13 kn. Note that, since a ship
emits a broadband signal, no aliasing was present when determining its angular position. Furthermore, the horizontal
coherence of signals from ships was larger than that of the
NPAL signals since the ships were much closer to the VLAs.
This allowed us to use VLA1 and VLA4 separated by 2.4 km
for calculation of the cross correlation of signals from passing ships.
IV. STANDARD DEVIATION OF THE REFRACTION
ANGLE

1
,
k 0r c

共5兲

where k 0 ⫽  /c 0 is a reference wave number and  is the
frequency. 关It can be shown that, for a plane wave propagating through random inhomogeneities with a Gaussian spectrum, Eq. 共5兲 takes the form ¯ ⫽ 冑2/(k 0 r c ).] For f ⫽75 Hz
and r c in a range of 500–1000 m, it follows from Eq. 共5兲 that
¯ is in a range of 0.26 –0.51 deg. These values are close to
¯ ⫽0.37 deg which was obtained in the ray-based approach.
The second estimate employes a 3D, modal theory of
low-frequency sound propagation through internal gravity
waves developed in Ref. 19. Using this theory, it can be
shown that the energy distribution with respect to horizontal
angles obeys a diffusion equation with the following diffusion coefficient:
J. Acoust. Soc. Am., Vol. 117, No. 3, Pt. 2, March 2005

*
Here, l is a parameter with the dimension of length
*

j
l ⫽ 兺
k 2 P j 共  n ⫺  m ,k 兲关 N nm
共 k 兲兴 2 dk.
* 2 n,m, j

冕

共6兲

共7兲

In this equation, P j (q x ,q y ) is the internal wave spectrum, q x
and q y are components of the wave vector, j is the internal
wave mode index, n and m are the acoustic mode indices,  n
j
is the nth acoustic mode wave number, and the matrix N nm
describes the interaction between the acoustic and internal
wave modes
j
N nm
共 k 兲⫽

The standard deviation ¯ of the HRA calculated in Sec.
III B results from sound scattering by internal waves, the
uncertainty dx, and the effect of ambient noise on signal
processing. The uncertainty d  does not contribute to ¯
since it was the same for every pair of hydrophones which
was used to calculate the HRA and its standard deviation.
The uncertainties dx were measured for every hydrophone.
Since about 20 hydrophone were used when calculating the
HRA, the contribution of d ␣ x to ¯ can be estimated as
d ␣ x / 冑20⬃0.01 deg and can be safely ignored.
The signal 共at its maximum兲 to noise ratio was relatively
large 共see Fig. 2兲 and the correlation between the signals at
adjacent VLAs was usually high 关see Fig. 3共a兲兴. Therefore,
one could expect that the effect of noise on ¯ is small. Note
that this effect is difficult to estimate quantitatively since the
ray-based approach is nonlinear. At any rate, we can conclude that the calculated value of ¯ is an upper limit of the
standard deviation of the HRA due to sound scattering by
internal waves.
In Ref. 17, another approach was used to calculate the
HRA using the NPAL data. That approach employed vertical
beamforming and a turning point filter18 and also resulted in
the standard deviation of the HRA of about 0.4 deg.17
We also obtained two theoretical estimates of the standard deviation ¯ of the HRA due to sound scattering by
internal waves. The first estimate uses the relationship between the coherence radius r c and the standard deviation ¯
of angles at which the wavefront is impinging on the array
¯ ⬃

D⫽k 20 l .

冕

u n 共 z 兲 u m 共 z 兲 ⌽ j 共 冑共  n ⫺  m 兲 2 ⫹k 2 ,z 兲 dz.

共8兲

Here, ⌽ j (q,z) is a profile of the jth mode of the internal
wave with the horizontal wave number q, and u n , u m are the
acoustic mode profiles. Numerical estimates made for the
Garrett–Munk spectrum of internal waves and the canonical
Munk sound-speed profile results in l ⫽5.4•10⫺11 m. The
*
standard deviation ¯ of the angles at which the wavefront is
impinging on the array is related to the diffusion coefficient
D by the following formula:
¯ ⫽ 冑DR⫽k 0 冑l R.

共9兲
*
Using the value of l given above, we have ¯ ⫽0.26 deg.
*
This value of ¯ is of the same order of magnitude as the
value ¯ ⫽0.37 deg obtained in the ray-based approach.
All these support the conclusion that the standard deviation ¯ ⫽0.37 deg obtained in the ray-based approach is
mainly due to scattering of the acoustic signals by internal
waves.

V. MODAL PROCESSING

To independently check that a seasonal trend in the HRA
shown in Figs. 6共a兲 and 7 does exist, we used a different
approach for signal processing of the NPAL data which is
based on a modal representation of a sound signal impinging
on the billboard array. A modal approach works particularly
well for low-frequency sound fields. The results obtained by
this approach are presented below.
A. Approach

Modal analysis of acoustic signals measured by a single
VLA located in the deep ocean was considered in Refs. 20–
24. However, the approaches developed in these references
cannot be directly used in coherent signal processing of
acoustic signals recorded by a billboard array. Based on the
ideas presented in these references, we developed a modal
approach for coherent processing of acoustic signals recorded by five VLAs of the NPAL billboard array.
Let (x b ,y b ,z b ) be the coordinates of hydrophones of
five VLAs. Hereinafter, the subscript b⫽1,2,...,120 indicates
a particular hydrophone. In the modal approach, the complex
sound pressure at a particular hydrophone and at a particular
frequency  i is expressed in the following form:
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M共i兲

p b共  i 兲 ⫽

兺
m⫽1

u m 共 z b ,  i 兲 exp共 ⫺ik x,m 共  i 兲 x b ⫺ik y y b 兲

⫻a m 共  i 兲 .

共10兲

Here, the subscript m indicates the mode number, M (  i ) is
the total number of modes, which was equal to 10 in the
numerical implementation of the modal approach, u m (z,  )
is the acoustic mode profile, a m (  i ) is the mode amplitude,
and k x,m and k y are the components of the sound wave vector
in the direction of the x- and y axes, respectively. Note that,
in this section, the x axis is chosen in the direction of the
nominal sound propagation. In numerical implementation, 10
adjacent frequencies were included into coherent processing
so that in Eq. 共10兲 i⫽1,2,...,10. A frequency increment ⌬ f 0
between adjacent frequencies  i and  i⫹1 was determined
by the signal duration: ⌬ f 0 ⫽1/(27.28 s)⫽0.0367 Hz. Thus,
the modal processing was coherent within a narrow frequency bin 10⌬ f 0 ⫽0.367 Hz. The total number of frequency
bins was 80, covering a frequency range of 75⫾14.66 Hz.
Note that in Eq. 共10兲 there is no summation over k y ; i.e.,
we assume that there is only one dominant direction of signal
arrival in the horizontal plane. 共The attempts to resolve different arrival angles in the horizontal plane were not successful.兲 The HRA ␣ is related to k y by the formula: k y
2
⫽k 0 sin ␣. Furthermore, in Eq. 共10兲 k x,m ⫽ 冑 m
⫺k 2y , where
 m (  ) is the horizontal wave number of the mth mode. Neglecting small terms of order ␣ 2 , we have k x,m ⫽  m . Finally,
in Eq. 共10兲, the acoustic mode profiles u m (z,  ) and the horizontal wave numbers  m (  ) were numerically calculated as
a solution of the standard differential equation for acoustic
2
)u m ⫽0 with appropriate
modes d 2 u m /dz 2 ⫹(  2 /c 2 ⫺  m
boundary conditions.
For a given value of the HRA ␣ 共say ␣⫽0.1 deg兲 and a
chosen frequency bin, Eq. 共10兲 with b⫽1,2,...,120 and i
⫽1,2,...,10 is a set of equations for determining the mode
amplitudes a m (  i ) which are convenient to represent as a
vector a with a dimension 10⫻M . In matrix notations, this
set can be written as
Ta⫽ p.

共11兲

For a given value of ␣ and chosen frequency bin, the matrix
T was computed numerically using the positions of hydrophones and the values of u m (z b ,  i ) and  m (  i ).
In the presence of ambient noise, a least-square solution
共pseudoinversion兲 of Eq. 共11兲 is well known
a⫽ 共 T ⫹ T 兲 ⫺1 T ⫹ p.

共12兲

Here, the superscript ‘‘⫹’’ indicates a Hermitian conjugation.
The matrix T ⫹ T is a non-negative square Hermitian matrix,
and in principle, Eq. 共12兲 can be solved directly. The problem arises when the matrix T ⫹ T has very small eigenvalues,
which was the case in the present study. To regularize the
solution, we used the following constraint:
储 a 储 2⫽

兩 a m 共  i 兲 兩 2 ⫽a 20 ,
兺
m,i

共13兲

where a 0 is a positive constant. The physical meaning of this
constraint is that sound scattering in the ocean mainly results
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in a redistribution of energy of an acoustic signal between
different modes, with the total energy being constant. A concrete value of the constant a 0 was determined by trial and
error; the final results were not sensitive to a particular
choice of this parameter within rather broad limits.
Using a Lagrange multiplier r, the solution of Eq. 共11兲
can be reduced to the minimization of the following cost
function:
g⫽ 储 Ta⫺p 储 2 ⫹r 共 储 a 储 2 ⫺a 20 兲 .

共14兲

Differentiating g with respect to a, we obtain the following
equation:
共 T ⫹ T⫹rI 兲 a⫽T ⫹ p,

共15兲

where I is the unity matrix. Thus, we obtained a ‘‘diagonal
loading’’ regularization. However, the value of the regularization parameter r is not prescribed and has yet to be determined using Eq. 共13兲.
Let us express the matrix T ⫹ T in a diagonal form
T ⫹ T⫽UdU ⫹ ,

共16兲

where d⫽diag(dn) is a diagonal matrix consisting of real,
non-negative eigenvalues d n of the matrix T ⫹ T and whose
unitary matrix of normalized eigenvectors is U. Substituting
Eq. 共16兲 into Eq. 共15兲, we have
共 d⫹rI 兲 U ⫹ a⫽U ⫹ T ⫹ p.

共17兲

Denoting v n ⫽(U ⫹ T ⫹ p) n , we find from Eq. 共17兲
共 U ⫹a 兲n⫽

vn
.
d n ⫹r

共18兲

Now, Eq. 共13兲 gives the following equation for the regularization parameter r:
储 a 储 2 ⫽ 储 Ua 储 2 ⫽

兩v 兩2

n
⫽a 20 .
兺n 共 d ⫹r
兲2

共19兲

n

This is a single scalar equation with respect to r, and in spite
of its nonlinearity it can be easily solved numerically. Substituting the obtained values of r into Eq. 共18兲, we calculated
the vector a
a⫽U

冉 冊

vn
.
d n ⫹r

共20兲

After the mode amplitudes a m (  i ) were obtained, the
complex sound pressure within a chosen frequency bin was
calculated as the right-hand side of Eq. 共10兲.
The next step in the modal approach was to find how
close the reconstructed sound field was to the measured one.
To do this, we introduced the norm of the measured acoustic
signal
N 2P ⫽

兩 p b共  i 兲兩 2.
兺
b,i

共21兲

Furthermore, we introduced the norm of the difference between the measured and reconstructed signals
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FIG. 9. Pressure reduction coefficients
versus the horizontal refraction angles
for six transmissions of the 519th day
of the experiment. Asterisks mark absolute minima in these coefficients.

N 2d P ⫽

兺冏
b,i

M

p b共  i 兲 ⫺

兺

m⫽1

u m共 z b ,  i 兲

冏

2

⫻exp共 ⫺i  m 共  i 兲 x b ⫺ik y y b 兲 a m 共  i 兲 .

共22兲

Then, the ratio

 d P⫽

NdP
,
NP

共23兲

characterized how well the measured sound field was reconstructed. Small and large values of  d P correspond to good
and poor reconstructions, respectively. The coefficient  d P is
referred to as a ‘‘pressure reduction coefficient.’’ The pressure reduction coefficients obtained independently for each
narrow frequency bin were then averaged over all 80 bins.
The final step in the modal approach was to calculate the
coefficients  d P for a set of 50 different HRA ␣, equally
spaced within the interval 共⫺1.5°,2.0°兲. A minimum value of
 d P corresponds to the ‘‘true’’ HRA. The difference between
minimum and maximum values of  d P is referred to as a
contrast. When the contrast was low 共less than 0.01兲, and
hence, the minimum was not well pronounced, the result was
rejected and the HRA was not determined.
B. Results

The dependences of the pressure reduction coefficient
 d P versus the HRA ␣ for all six transmissions of day 519 is
shown in Fig. 9. The values of the HRA corresponding to
absolute minima in these dependences are marked by asterisks.
Corresponding mode amplitudes 兩 a m 兩 averaged over all
frequency bins versus mode number are shown in Fig. 10.
The curves corresponding to different transmissions look
fairly similar, except for one corresponding to day 519.58.
Note that this is exactly the same time when the pressure
J. Acoust. Soc. Am., Vol. 117, No. 3, Pt. 2, March 2005

reduction coefficient is the lowest in Fig. 9. Generally, we
observe an increase of amplitudes for higher-order modes.
The reason for this increase is not clear; it might be the result
of bottom scattering in the vicinity of the VLAs. The curves
shown in Figs. 9 and 10 are typical for other days of the
experiment.
As was mentioned, the cases when the contrast was less
then 0.01 were rejected. The cases with values of a pressure
reduction coefficient greater than 0.985 were rejected also.
The remaining results of the dependence of the HRA on time
are plotted in Fig. 11. Most of the data are concentrated at
small values of the HRA; however, there are some cases
when the HRA are much different from typical values. These
cases were also rejected, and only the values of ␣ within the
interval 共⫺0.3°,0.6°兲 were selected. These values and their fit
by a polynomial of the order of 10 is shown in Fig. 5共b兲. One
can see that scattering of ␣ is significant and is of the order
of the observed trends. However, the solid line in Fig. 5共b兲 is
similar to that in Fig. 5共a兲. This supports the conclusion that
a seasonal trend in the dependence of the HRA on time exists. It should be noted here that Figs. 5共a兲 and 共b兲 were
obtained by different independent approaches.
Finally, note that the dependence of the HRA on time
was obtained in Ref. 17 by another approach. The results
obtained are very similar to those in Figs. 5共a兲 and 共b兲. All
these indicate that a seasonal trend in the HRA probably does
exist.

VI. CONCLUSIONS

Horizontal refraction of low-frequency acoustic signals
that were transmitted for about a year from Kauai, Hawaii
and received at the NPAL billboard array near the California
coast was studied. Both ray-based and mode-based approaches were used in data processing. The results obtained
with these two approaches are similar.
Voronovich et al.: Horizontal refraction of acoustic signals
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FIG. 10. Mode amplitudes as a function of mode number for the same
transmissions as in Fig. 9.

In spite of relatively strong short-period variations in the
HRA and rather low values of cross gradients of the sound
speed in the Pacific region under investigation, changes in
the HRA of the order of 0.4 deg were measured. This happened during the midspring–midsummer period of 1998 and
of 1999 when the data revealed weak but systematic bending
of the rays towards the south. This suggests that measurements of horizontal refraction may be used for remote sensing of inhomogeneities in the ocean. Appropriate acoustic
measurements carried out in more active regions of the ocean
and at shorter distances may allow us to estimate temporal
variability of horizontal inhomogeneities, including very
short time scales. This information is presently difficult to
obtain by in situ measurements at reasonable cost.

Also, it was found that the upper limit of the standard
deviation of the arrival angles due to sound scattering by
internal waves was ¯ ⫽0.37 deg. This value is close to the
theoretical estimate ¯ ⫽0.26 deg of the standard deviation of
the HRA due to sound scattering by internal waves. According to this theoretical estimate, the standard deviation of the
HRA is proportional to the frequency f and the square root of
the sound propagation path R. Therefore, the value of ¯ measured at f ⫽75 Hz and R⫽3900 m could be used for scaling.
This value can help to determine the values of horizontal
gradients of sound speed which can be monitored by measuring horizontal refraction at particular distances and frequencies.
The standard deviation ¯ ⫽0.37 deg corresponds to the

FIG. 11. Dependence of the horizontal
refraction angle ␣ on time obtained by
the mode-based approach. The values
of ␣ are selected according to contrast
and maximal pressure reduction coefficient criteria only.
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correlation radius r c ⬃700 m of the sound field impinging on
the array. This value of r c is of the order of those obtained
from the dependence of the correlation coefficient on the
distance between VLAs; see Figs. 5共a兲 and 共b兲.
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